INTRODUCTION
The notion of integral graphs was introduced by F. Harary and A. J. Schwenk in 1974 (see [5] ). A graph G is called integral if all the zeros of the characteristic polynomial P (G, x) are integers. In general, the problem of characterizing integral graphs seems to be very difficult. Thus, it makes sense to restrict our investigations to some families of graphs, for instance cubic graphs, trees, etc. The results on integral graphs can be found in [1, 2, 3, 4, 6, 10] . The first class of integral complete 3-partite graphs were found in [9] . More classes of integral complete 3-partite graphs were found in [11, 12] . Moreover, some necessary and sufficient conditions for integral complete r-partite graphs were given in [12] , as well as several open problems for integral complete r-partite graphs. Finally, the classes of integral complete 4-partite graphs were constructed in [8] and [11] . For all other facts on terminology of graph spectra see [3, 4] .
We shall consider only simple undirected graphs. For a graph G, let V (G) denote the vertex set and E(G) the edge set. The characteristic polynomial |xI −A| of the adjacency matrix A of G is called the characteristic polynomial of G and is denoted by P (G, x). The spectrum of A is also called the spectrum of G.
A complete 3-partite graph K m,n,p is a graph with a vertex set V = V 1 V 2 V 3 , where |V 1 | = m, |V 2 | = n, |V 3 | = p, such that two vertices in V are adjacent if and only if they belong to different V i 's.
In this paper we give sufficient conditions for complete 3−partite graphs to be integral, from which we construct infinitely many new classes of such integral graphs.
RESULTS
From the theory of divisors and co-divisors of a graph follows that the divisor of the graph K m,n,p has characteristic polynomial
Moreover, the characteristic polynomial of the co-divisor is
More details about the theory of divisors and co-divisors can be found in [3, 6, 7] . Thus, the following theorem holds:
is integral if and only if the characteristic polynomial of its divisor has only integer zeros, which means that the zeros x 1 , x 2 , x 3 have to satisfy the following equations:
In addition, in [12] it is proved that if m < n < p and x 1 , x 2 , x 3 are the zeros of
The following theorem was given in [12] .
Theorem 2. For any positive integer q, the complete 3-partite graph K m,n,p is integral if and only if the complete 3-partite graph K mq,nq,pq is integral.
The above theorem shows that it is reasonable to study only complete 3-partite graphs where (m, n, p) = 1. Let us call such a vector primitive.
The following theorem was given in [9] .
The above theorem gives infinitely many integral complete 3-partite graphs K m,n,p .
Using a computer we have found 137 primitive integral complete 3-partite graphs K m,n,p , where m < n < p, 1 ≤ m ≤ 1000, m + 1 ≤ n ≤ 1000, n + 1 ≤ p ≤ 1000. Some of them are in Table 1 Analyzing these 137 primitive integral complete 3-partite graphs, one can see that 62 of them have the property x 3 = −2n (see for example graphs No. 1-6 in Table 1 ), 62 of them have the property x 3 = −2m (see for example graphs No. 7-11 in Table 1 ).
Based on similar exploration, but on a sample of only 34 complete 3-partite integral graphs, the authors of [12] proved the following theorem using (1) and the assumption x 3 = −2m or x 3 = −2n.
Remark. From 137 primitive integral complete 3-partite graphs found by computer, all 124 graphs Km,n,p, where x3 = −2m or x3 = −2n can be obtained using Theorem 4 for suitable a and b. Moreover, the graph No. 16 from Table 1 can be obtained by Theorem 3.
Using (1) and (2) it is clear that none of the following cases can happen: Table 1 we can see that there exist integral complete 3-partite graphs where x 1 = 2n. In the following part of the paper we investigate these graphs and give sufficient conditions for these graphs to be integral.
Using the substitution
Equations (4) have integral solutions for u, w if and only if there exists integer x such that
From equations (3) and (4) it follows (7) 4n 2 = 2pm + n(p + m).
Using (5) to (7) we have
Equation (8) have an integral solution for n if and only if there exists integer y such that
Using the substitution q = p + m in (9) we have (q − y)(q + y) = 4x · 4x and after simplification
From (10) after routine simplification we have
from which we get
It is easy to verify that if both a and b are odd then d = 1, otherwise d = 2.
From (8) we have
. Using (11) we get n = , we have uw
As pm is a positive integer, the case n = in (6) . We have
where (a, b) = 1, a > b and if ab is odd, then d = 1, otherwise d = 2. Moreover, the following formula holds.
It means that there exists an integer c, for which 3a 2 + b 2 = c 2 . After simplification we have 3a 2 = (c + b)(c − b), from which we get
where (s, t) = 1, s > t. After routine simplification of equations (14) we get
It is easy to prove that k ∈ {1, 2, 3, 6}. We can get the following cases: 1. k = 6 if 3|s and both s and t are odd, The following conditions hold for parameters a, b, s, t:
2. If a > b, then 2st > 3t 2 − s 2 and after simplification we have (s + 3t)(s − t) > 0, from which s > t.
Using (12) and by (11)
. From the previous equations we get n =
and after substitution for a, b, c we have the following equations.
Using previous equations we can formulate Theorem 5, which gives new infinite classes of integral complete 3-partite graphs for suitable values of parameters s and t.
Then the graph K m,n,p is integral and zeros of its divisor are
For the values (s, t) ∈ {(2, 3), (3, 4) , (3, 5) , (5, 6 ), (7, 9)} we get graphs No. 11-15 in Table 1 . Next graphs for t < 9 can be found in Table 3 . Let us remark that for graph No. 11 in Table 1 it holds both x 1 = 2n and x 3 = −2m. Using Theorem 2 in Theorem 5 we get the following result.
Corollary 6. For every m, n, p, where m =
) and for arbitrary q ∈ N the graph K mq,nq,pq is integral complete 3-partite graph.
In the next part of the paper we give different sufficient conditions for graph K m,n,p to be integral. The main difference between these conditions for m, n, p and conditions in Theorems 4 and 5 is that these conditions depend on just one parameter.
Let substitute x 1 = mp 2 , x 2 = −p 1 , x 3 = −2n, where p = p 1 .p 2 , (m, n, p) = 1, m < n < p. After simplification we get
Let us consider two cases.
1. Let p 2 be even, which means p 2 = 2t. Then
, p = 2p 1 t.
Clearly, (4t 2 +1, 4t−1) = 1 if t ∈ N and t = 4+5s, otherwise (4t 2 +1, 4t−1) = 5. As m, n, p are integers, p 1 = 2k(4t − 1). Then m = 4 + 4t, n = 4t 2 + 1, p = 4t(4t − 1).
2. Let p 2 be odd, which means p 2 = 2t + 1. Then (21) m = p 1 (3 + 2t) 4t + 1 , n = p 1 (2t 2 + 2t + 1) (4t + 1)
, p = p 1 (2t + 1).
Clearly, (2t+3, 4t+1) = 1 if t ∈ N and t = 1+5s, otherwise (2t+3, 4t+1) = 5. As m, n, p are integers, p 1 = k(4t + 1). Then m = 2t + 3, n = 2t 2 + 2t + 1, p = (2t + 1)(4t + 1).
We get the following theorem. The integral graphs from Theorem 6 for parameter t ∈ {1, 2, . . . , 10} are in Table 4 .
